Abstract: Ti-6Al-4V has been extensively used in structural applications in various engineering fields, from naval to automotive and from aerospace to biomedical. Structural applications are characterized by geometrical discontinuities such as notches, which are widely known to harmfully affect their tensile strength. In recent years, many attempts have been done to define solid criteria with which to reliably predict the tensile strength of materials. Among these criteria, two local approaches are worth mentioning due to the accuracy of their predictions, i.e., the strain energy density (SED) approach and the theory of critical distance (TCD) method. In this manuscript, the robustness of these two methods in predicting the tensile behavior of notched Ti-6Al-4V specimens has been compared. To this aim, two very dissimilar notch geometries have been tested, i.e., semi-circular and blunt V-notch with a notch root radius equal to 1 mm, and the experimental results have been compared with those predicted by the two models. The experimental values have been estimated with low discrepancies by either the SED approach and the TCD method, but the former results in better predictions. The deviations for the SED are in fact lower than 1.3%, while the TCD provides predictions with errors almost up to 8.5%. Finally, the weaknesses and the strengths of the two models have been reported.
Introduction
The adoption of Ti-6Al-4V alloy is widespread in advanced engineering fields, such as military, aerospace, automotive, and naval applications, due to its very good static and fatigue properties, high strength-to-mass ratio, and excellent wear resistance, including at high temperatures [1, 2] . Moreover, Ti readily forms a titanium dioxide (TiO 2 ) outer layer that assures its passivity in an oxidizing environment, thus determining a high corrosion resistance and guaranteeing a great reliability of Ti-6Al-4V in applications in which corrosion is one of the main issues, such as biomedical devices [3] . In all these applications, geometrical discontinuities (notches) negatively affect the fracture and fatigue strength [4] [5] [6] [7] . In recent years, due to its fundamental importance, the tensile strength assessment of notched components has been widely investigated in order to define an efficient criterion to perform a reliable static assessment. Many researchers have attempted to predict static strength of components weakened by different notches leveraging on linear elastic fracture mechanics (LEFM) theory, and in particular on notch stress intensity factors (NSIFs). The method has revealed to be accurate in predicting the tensile strength of components weakened by sharp notches and by cracks, either under uniaxial or mixed mode loading [8] [9] [10] [11] [12] [13] [14] . In addition, when components are weakened by rounded notches, Lazzarin and Filippi have proposed a generalized stress intensity factor as a failure governing factor when the effect of stress redistribution due to the notch root radius cannot be neglected [15] . However,
Materials and Methods
To fabricate the specimens, a grade 5 titanium alloy (Ti-6Al-4V) sheet of 3 mm thick was first provided by CRP MECCANICA S.r.l. (Modena, Italy). Then, the drawings of un-notched and notched specimens were given to a high-precision 2D CNC laser cutting machine. The dog-bone un-notched specimens ( Figure 1a ) were characterized by a net section of 3 mm in thickness and 7 in width and by a connecting radius between the net and gross sections large enough to avoid any effect of stress concentration (ρ = 22 mm). In addition, with the aim of assessing the reliability of two of the most robust criteria available in literature about the prediction of the tensile strength of components weakened by different notch geometries, two different notched components have been tested. Samples have been manufactured with very dissimilar notch geometries, i.e., a semi-circular notch and a blunt V-notch 
c, respectively). The former was characterized by a connecting radius of 5 mm, whereas the latter was characterized by a V-notch depth of 5 mm, an opening angle equal to 90 • , and a notch root radius ρ = 1 mm. The dimension of the notch-tip radius was confirmed by several measurements obtained by means of an optical microscope and dedicate software. tested. Samples have been manufactured with very dissimilar notch geometries, i.e., a semi-circular notch and a blunt V-notch (Figure 1b ,c, respectively). The former was characterized by a connecting radius of 5 mm, whereas the latter was characterized by a V-notch depth of 5 mm, an opening angle equal to 90°, and a notch root radius ρ = 1 mm. The dimension of the notch-tip radius was confirmed by several measurements obtained by means of an optical microscope and dedicate software. Tensile tests (ten per each specimen geometries) were carried out by using a universal MTS machine (50 kN) (MTS, MN, USA), and a low crosshead rate of 0.2 mm/min was used. In particular, dog-bone un-notched specimens have been tested to determine the tensile properties of the material being analysed. The main material parameters, i.e., Young's modulus E, Poisson's ratio ν, 0.2% proof strength σ0.2, and ultimate tensile strength σUTS have been calculated by means of a MTS 632-85 biaxial extensometer. Their mean values are gathered in Table 1 , in which bold numbers represent the average values and numbers in brackets the relative standard deviation, respectively. 
Theoretical Background

Strain Energy Density Criterion
According to the SED approach, the failure of a component is governed by a local parameter such as the total strain energy density; when its value, averaged over a circular control volume of critical radius Rc ahead of a crack or a notch tip, reaches the critical value Wc, the failure occurs [17] . Berto and Lazzarin [4] reported these critical parameters to be only material-dependent. This approach has been extensively used in the assessment of the tensile and fatigue behavior of different materials weakened by several notch geometries [31, 40, 41] , and the results reported excellent prediction capabilities of this approach. From the theory in Ref. [17] , critical parameters can be analytically obtained with only few material properties: the ultimate tensile strength of the un-notched material σUTS, the fracture toughness KIC, and the Young's modulus E. In fact, Tensile tests (ten per each specimen geometries) were carried out by using a universal MTS machine (50 kN) (MTS, MN, USA), and a low crosshead rate of 0.2 mm/min was used. In particular, dog-bone un-notched specimens have been tested to determine the tensile properties of the material being analysed. The main material parameters, i.e., Young's modulus E, Poisson's ratio ν, 0.2% proof strength σ 0.2, and ultimate tensile strength σ UTS have been calculated by means of a MTS 632-85 biaxial extensometer. Their mean values are gathered in Table 1 , in which bold numbers represent the average values and numbers in brackets the relative standard deviation, respectively. 
Theoretical Background
Strain Energy Density Criterion
According to the SED approach, the failure of a component is governed by a local parameter such as the total strain energy density; when its value, averaged over a circular control volume of critical radius R c ahead of a crack or a notch tip, reaches the critical value W c , the failure occurs [17] . Berto and Lazzarin [4] reported these critical parameters to be only material-dependent. This approach has been extensively used in the assessment of the tensile and fatigue behavior of different materials weakened by several notch geometries [31, 40, 41] , and the results reported excellent prediction capabilities of this approach. From the theory in Ref. [17] , critical parameters can be analytically obtained with only few material properties: the ultimate tensile strength of the un-notched material σ UTS , the fracture toughness K IC , and the Young's modulus E. In fact, considering Beltrami's work [42] , the following expression can be used to determine the critical value of the total strain energy:
Considering plane problems, the control volume becomes a circular sector or a circle, for V-notches or cracks, respectively (Figure 2a,b) , and the critical radius R c can be expressed as follows [17] :
For a U-notch or a blunt V-notch (Figure 3c ), the volume is assumed to be of a crescent shape, in which R c is the depth measured along the bisector line. The outer radius of the crescent shape is equal to R c + r 0 , in which r 0 is the distance between the notch tip and the origin of the local coordinate system (Figure 2c ). Such a distance depends on the notch-opening angle 2α, according to the expression:
However, in certain circumstances, the analytical formulations provided in Equations (1) and (2) cannot be used for the determination of the critical value of the SED and that of the radius, being all the material parameters required to apply SED approach not always available. The introduction of the FE codes allows one to overcome this shortcoming thanks to their capability to easily determine the strain energy density within a certain control volume. Peron et al. [7] , analyzing the tensile strength of PEEK under different environmental conditions, overcame the lack of knowledge of the fracture toughness value determining the critical radius varying the control volume of notched specimens with two different notch radii in a FE code (Ansys ® ) and iteratively computed the SED value until a satisfying convergence was reached. However, with wrought Ti-6Al-4V having been widely studied, in the following the authors has decided to determine the critical radius value using previous studies reporting the fracture toughness, with negligible difference with the critical radius obtained using the procedure described in Ref. [7] . considering Beltrami's work [42] , the following expression can be used to determine the critical value of the total strain energy:
Considering plane problems, the control volume becomes a circular sector or a circle, for V-notches or cracks, respectively (Figure 2a,b) , and the critical radius Rc can be expressed as follows [17] :
For a U-notch or a blunt V-notch (Figure 3c ), the volume is assumed to be of a crescent shape, in which Rc is the depth measured along the bisector line. The outer radius of the crescent shape is equal to Rc + r0, in which r0 is the distance between the notch tip and the origin of the local coordinate system (Figure 2c ). Such a distance depends on the notch-opening angle 2α, according to the expression:
However, in certain circumstances, the analytical formulations provided in Equations (1) and (2) cannot be used for the determination of the critical value of the SED and that of the radius, being all the material parameters required to apply SED approach not always available. The introduction of the FE codes allows one to overcome this shortcoming thanks to their capability to easily determine the strain energy density within a certain control volume. Peron et al. [7] , analyzing the tensile strength of PEEK under different environmental conditions, overcame the lack of knowledge of the fracture toughness value determining the critical radius varying the control volume of notched specimens with two different notch radii in a FE code (Ansys ® ) and iteratively computed the SED value until a satisfying convergence was reached. However, with wrought Ti-6Al-4V having been widely studied, in the following the authors has decided to determine the critical radius value using previous studies reporting the fracture toughness, with negligible difference with the critical radius obtained using the procedure described in Ref. [7] . 
Theory of Critical Distances
The TCD is in essence a set of methodologies, all of which recognize failure in the presence of stress concentration features to be governed not only by the stress and strain at the notch surface but rather by the stress field in the vicinity of the notch. In fact, fracture processes involving crack initiation and propagation are strongly influenced by the absolute volume of material that is experiencing high stresses. In particular, four different methodologies have been developed; two are stress-based, while the other two are based on stress intensity factor. In the following, for sake of 
The TCD is in essence a set of methodologies, all of which recognize failure in the presence of stress concentration features to be governed not only by the stress and strain at the notch surface but rather by the stress field in the vicinity of the notch. In fact, fracture processes involving crack initiation and propagation are strongly influenced by the absolute volume of material that is experiencing high stresses. In particular, four different methodologies have been developed; two are stress-based, while the other two are based on stress intensity factor. In the following, for sake of simplicity, only the former will be described, whereas for a deeper insight into the latter, the reader should refer to Ref. [34] .
The two stress-based methodologies are known as point method (PM) and line method (LM), and the failure is stated to occur whether the stress at a distance r c,PM from the notch (PM) or averaged over a length r c , LM reaching out from the stress raiser (LM) reaches the so called inherent strength σ 0 , i.e., 1 r c,LM
Both the distances r c,PM and r c,LM are related to the so called critical distance L, being r c,PM and r c,LM equal to L 2 and 2L, respectively. Labeled as critical distance by Taylor, L is defined as
in which K IC is the material fracture toughness. Concerning instead the inherent strength, in brittle materials such as ceramics [38] , σ 0 is equal to the ultimate tensile stress, σ UTS , whereas when static failures are preceded by a certain amount of plasticity, σ 0 is higher than the plain material strength, being σ 0 = T · σ UTS . It has been found that T is in the range 1.4-3 for polymers [43] , and it is typically greater than 3 for metals [44] . A precise interpretation of the meaning of the T parameter is still unclear, but it may be related to the material behavior including plasticity and porosity, and thus the inherent strength σ 0 can be determined only by carrying out ad-hoc experiments. Tensile tests need to be carried out on notched specimens weakened by two different notch geometries, and then the stress fields ahead of the notch at the condition of incipient failure need to be assessed, for example, when using finite element codes. Leveraging on the point method, the TCD fundamental parameters L and σ 0 can be evaluated as follows: reporting the stress fields as in Figure 3 , the inherent strength σ 0 could be defined as the ordinate value at which the two stress distributions intersect; in addition, the abscissa value of the intersection is equal to L 2 , i.e., r c,PM . (5) in which KIC is the material fracture toughness. Concerning instead the inherent strength, in brittle materials such as ceramics [38] , σ0 is equal to the ultimate tensile stress, σUTS, whereas when static failures are preceded by a certain amount of plasticity, σ0 is higher than the plain material strength,
. It has been found that T is in the range 1.4-3 for polymers [43] , and it is typically greater than 3 for metals [44] . A precise interpretation of the meaning of the T parameter is still unclear, but it may be related to the material behavior including plasticity and porosity, and thus the inherent strength σ0 can be determined only by carrying out ad-hoc experiments. Tensile tests need to be carried out on notched specimens weakened by two different notch geometries, and then the stress fields ahead of the notch at the condition of incipient failure need to be assessed, for example, when using finite element codes. Leveraging on the point method, the TCD fundamental parameters L and σ0 can be evaluated as follows: reporting the stress fields as in Figure 3 , the inherent strength σ0 could be defined as the ordinate value at which the two stress distributions intersect; in addition, the abscissa value of the intersection is equal to 2 L , i.e., rc,PM. Determination of inherent strength σ0 and critical distance L leveraging on the so called point method. "Notch geometry 1" and "notch geometry 2" are here used to generally describe two different notch geometries, in which "notch geometry 2" has a more severe notch than "notch geometry 1".
In the following, once the TCD critical parameters by means of the point method are determined, the tensile strength of the notched specimens will be predicted leveraging on the line method. Figure 3 . Determination of inherent strength σ 0 and critical distance L leveraging on the so called point method. "Notch geometry 1" and "notch geometry 2" are here used to generally describe two different notch geometries, in which "notch geometry 2" has a more severe notch than "notch geometry 1".
In the following, once the TCD critical parameters by means of the point method are determined, the tensile strength of the notched specimens will be predicted leveraging on the line method.
Results
Tensile Tests
The tensile strength for each of the notched geometries is summarized in Table 2 , in which bold numbers represent the average values and numbers in brackets the relative standard deviations, respectively. A statistical data analysis has been carried out, and the Chauvenet's criterion has been applied to delete any potential spurious data. The results obtained from the tensile tests have then been analysed both in terms of SED and TCD (line method) to assess the reliability of the methods as an engineering tool for predicting the tensile behaviour of notched Ti-6Al-4V. In addition, a comparison between the two criteria have been carried out.
Critical SED Parameters and Synthesis of Tensile Data in Terms of SED
The determination of the critical value of the strain energy density W c and that of the radius R c of the control volume is required for the application of the SED criterion. Concerning the former critical parameter, Equation (1) has been applied in this work and, leveraging on the tensile data obtained from the dog-bone specimens (Table 1) , it leads to a W c value of 4.91 MJ/m 3 . Regarding the critical value of the radius, no fracture toughness tests have been carried out by the authors. Thus, the critical value of the radius has been assessed using the fracture toughness value of 74.2 MPa √ m reported in Ref. [45] as input in Equation (2), leading to a critical radius value R c of 1.19 mm. The value just estimated is in very good agreement with the value that is more accurately obtained according to the procedure briefly mentioned in Section 3.1 and better described in Refs. [7, 29] . If the fracture toughness is not available, it is possible to estimate the critical radius using finite element analyses. In this way, the strain energy of specimens weakened by a certain notch geometry can be averaged over control volumes of different critical radii R c . The critical radius can be estimated as the value at which the computed SED value equals that obtained using Equation (1) . In this work, the critical radius has been varied in Ansys ® code from 1 to 1.8 mm with a range of 0.05 mm for the semi-circular notched specimen. Comparing the computed SED values (blue line in Figure 4 ) with that measured using Equation (1) (red line in Figure 4 ), a critical radius R c of 1.15 mm has been obtained. Tensile strength predictions of semi-circular and blunt V-notched specimens have been carried out by means of FE modelling. Linear elastic 2D analyses have been carried out using Ansys ® code and 8-nodes iso-parametric element plane 183 with plane strain key-option that has been selected. Because the SED approach is mesh insensitive [28, 40, 46] , a coarse mesh has been adopted at the notch tip. In modeling the geometry, the double symmetry was used; thus, only one quarter of the Figure 4 . Determination of the critical radius value as the value at which a correspondence between the computed SED value (blue) and that obtained by means of Equation (1) (red) is found.
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(a) (b) Figure 5 . Boundary conditions in FE models for specimens weakened by a semi-circular notch (a) and a blunt V-notch (b).
The failure load has been evaluated as the load that should have been applied in the FE analyses for obtaining a SED value in the control volume (R c = 1.19 mm) equal to that critical. As the strain energy density is proportional to the square of the applied stress, the predicted tensile strength of semi-circular and blunt V-notch specimens, σ UTS,predicted , has been estimated with σ UTS,predicted = W c W unit_load (6) in which W c is the critical SED value (Equation (1)) and W unit_load is the SED value determined by means of FE analyses applying a unit load. The results thus obtained are reported in Table 3 . Table 3 . Prediction of tensile failure of specimens weakened by a semi-circular and blunt V-notch using the SED approach and the line method. As can be seen, the discrepancy between the experimental and predicted tensile strength is very low.
Specimen Geometry
TCD Critical Parameters Evaluation and Tensile Strength Prediction According to the Line Method (LM)
The applicability of the line method requires the determination of the critical distance L and the inherent strength σ 0 . From now on, these parameters will be labeled as TCD critical parameters to differentiate them from those of SED. Being Ti-6Al-4V ductile, σ 0 does not correspond to the ultimate tensile strength, and thus the TCD critical parameters need to be calibrated experimentally. This may be performed by applying the point method to two different notched geometries, as extensively described in Section 3.2. Stress fields ahead of the notch for both semi-circular and blunt V-notched specimens have been assessed using Ansys ® code ( Figure 6 ). FE analyses have leveraged on the same models described in the previous section, with the only difference being that the elements size at the notch tip was about 10 −4 mm to better describe the stress state.
, _ c UTS predicted unit load W W   (6) in which Wc is the critical SED value (Equation (1)) and
is the SED value determined by means of FE analyses applying a unit load. The results thus obtained are reported in Table 3 . As can be seen, the discrepancy between the experimental and predicted tensile strength is very low.
The applicability of the line method requires the determination of the critical distance L and the inherent strength σ0. From now on, these parameters will be labeled as TCD critical parameters to differentiate them from those of SED. Being Ti-6Al-4V ductile, σ0 does not correspond to the ultimate tensile strength, and thus the TCD critical parameters need to be calibrated experimentally. This may be performed by applying the point method to two different notched geometries, as extensively described in Section 3.2. Stress fields ahead of the notch for both semi-circular and blunt V-notched specimens have been assessed using Ansys ® code ( Figure 6 ). FE analyses have leveraged on the same models described in the previous section, with the only difference being that the elements size at the notch tip was about 10 −4 mm to better describe the stress state. At a distance from the notch tip r c,PM equal to 0.6 mm, the two stress fields intersect at a stress value of 1235 MPa. As mentioned before, the point method states the critical distance L to be double the distance r c,PM , i.e., 1.2 mm, whilst the inherent material strength to be the stress value at which the stress distributions meet, i.e., 1235 MPa. In this case, Ti-6Al-4V is characterized by a multiplying factor T of 1.17 (see Section 3.2 and Ref.
[47] for its definition). A precise interpretation of the meaning of the T parameter is still unclear, but it is related to the amount of plasticity involved in the fracture process: the higher the plasticity, the higher the T value. When determining the TCD critical parameters, tensile strength of both semi-circular and blunt V-notched specimens can be predicted by means of line method. This approach states the failure to occur for an applied load satisfying Equation (4) and the failure load has thus been predicted as the load to be applied in FE analyses in order to satisfy it. The results are gathered in Table 3 , in which a comparison between the predicted values and the experimental results are also reported.
Discussions
Although both the SED approach and the LM method have shown great capability at predicting the tensile strength of different notched Ti-6Al-4V samples, providing low deviations between the experiments and the predicted results, the former seems to better estimate the failure of notched with larger radius, whereas the latter for smaller. Further experimental investigations are required to ascertain it, but the statement is in agreement with the results found by Fuentes et al. [48] . In fact, estimating the fracture loads of AL7075-T651 compact tension (CT) specimens with different notch radii, they used both SED and TCD methods, stating the SED approach to provide accurate results for large notch radii, while for small notch radii the degree of approximation of the model is noticeably conservative. On average, however, predictions provided by SED approach seem to be better. It is generally acknowledged by proponents of critical distance methods that it would be most appropriate to find the average stress over a volume in the vicinity of the hot-spot; thus, the point and line methods are seen as simplifications of a volume-based approach, i.e., SED [33] . In fact, it is generally acknowledged by proponents of critical distance methods that it would be most appropriate to find the average stress over some volume in the vicinity of the hot-spot; thus, the point and line methods are seen as simplifications of a volume-based approach, i.e., SED [33] . Moreover, SED approach is more easily applicable than TCD methods. First, the SED critical parameters have a physical meaning, being all related to material properties, whereas a precise interpretation of the inherent strength σ 0 in TCD is still missing, except for brittle materials in which it corresponds to the ultimate tensile strength. Then, the SED mesh-insensitivity eases its applicability in real structures in which the need of determining accurately the stress distribution ahead of the notches to correctly perform the stress field analyses limits the TCD methods because of time-consuming FE analyses and high-performances hardware required.
Furthermore, the reliability of the SED method is still valid when material parameters from literature, i.e., fracture toughness, are used. In fact, using the more accurate critical radius obtained according to the procedure described in Section 4.2 and deeply described in Ref. [7] , i.e., 1.15 mm, the results negligibly differ from those reported in Table 3 . In Table 4 , the predictions obtained according to the two procedures used to evaluate the critical radius are gathered together with the experimental data; in brackets, the deviations with the experiments are reported. Table 4 . Comparison in the SED tensile failure assessment using the critical radius obtained according to the procedure described in Ref. [7] ("SED prediction, R c = 1.15") or leveraging on the fracture toughness value from literature ("SED prediction, R c = 1.19"). 
Specimen
Conclusions
The tensile strength of semi-circular and blunt V-notched Ti-6Al-4V components have been predicted using two of the most affirmed criteria available in literature, i.e., the strain energy density approach and the line method. Both the methods provide predictions that are in good agreement with the experimental results, but the SED approach provides predictions with lower discrepancies. The discrepancies on the tensile strength using the SED are in fact lower than 1.3%, whereas with the TCD method the error for the semi-circular notched specimens is far higher, i.e., almost 8.5%. This is due to the fact that the point and line methods are seen as simplifications of a volume-based approach, as stated by the proposers of the TCD method. In addition, the SED criterion turns out to be fairly insensitive to the method used for the determination of the critical radius, leading to reliable predictions employing both published mechanical properties and FE procedures for its determination. In conclusion, both methods could be used for tensile strength assessment of notched components, regardless of the notch geometry, but the SED criterion results in better predictions and is more easily applicable because of its mesh-insensitivity and due to the faster determination of its critical parameters compared to those for the line method.
